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Abstract

This paper provides a unifying algorithm for computing any analytic interpolant of bounded complexity. Such computation
can be performed by solving an optimization problem, due to a theorem by Georgiou and Lindquist. This optimization
problem is numerically solvable by a continuation method. The proposed numerical algorithm is useful, among other cases,
for designing a low-degree controller for a benchmark problem in robust control. The algorithm unifies previously developed
algorithms for the Carathéodory extension and the Nevanlinna—Pick interpolation to one for more general interpolation
problems.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction generally, complexity. The complexity of interpolants
is of major concern in applications, since it relates to
It has been recognized for decades that classical an-the complexity of various components/devises. There-
alytic interpolation theory, such as Carathéodory ex- fore, it is important to develop the theory and com-
tension and Nevanlinna—Pick interpolatif#6,2,17] putational algorithms for analytic interpolation with
has interesting applications in systems and control. complexity constraint.
Although the classical theory provides the characteri-  The first work on analytic interpolation with de-
zation of all interpolants, it is of little use in charac- gree constraint was done by Georgio18-20] He
terizing all interpolants of a certain degree, or more showed the existence of an interpolant of bounded de-
- gree for each choice of spectral zeros (or dissipative
* This research was supported by a grant from the Swedish polynomial). He also conjectured that each choice of
Research Council (VR). | . lv det . h int lant
* Corresponding author. spectral zeros uniquely determines such an interpolant.
E-mail addressesandersb@math.kth.4@. Blomqvist), This conjecture was proven to be true, together with
ryozo@me.berkeley.ed(R. Nagamune). a much stronger assertion on the smoothness of the
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parameterization, irf13], which revitalized the re-
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complexity conditions. This problem reduces to sev-

search field. Later constructive proofs based on convex eral analytic interpolation problems in special cases.

optimization were given in9,7]. In the recent paper
[23], the optimization approach ifi9,7] was ex-

We also state a theorem frof@3] for this problem
concerning the existence and the uniqueness of the so-

tended to a generalized analytic interpolation prob- lution.

lem with complexity constraint, including both the

First we will introduce some notation. Let <

Carathéodory extension and the Nevanlinna—Pick C"*" andB € C"** be given such that has all eigen-

interpolation as special cases.

To utilize the theory in9,7,23] robust numerical
algorithms to solve the optimization problem are in-
dispensable. 1fil6,24,5] we have developed such al-
gorithms for the theory dP,7], by means of a contin-
uation method. In this paper, following the extension
of the theory in[9,7] to the one in23], we will show
that the numerical technique [&6,24,5]still applies
to the general theory if23]. This is the first contri-
bution of this paper.

The importance of the theory if23] and the al-

gorithm proposed in this paper can be substantiated
by engineering applications. Such applications have

been presented i3] for spectral estimation using or-
thonormal basis functions and [6] for pre-filtered
AR-estimation. In this paper, we provide an applica-
tion to sensitivity shaping in robust control. Using an

example, we will show that the controller degree be-

comes much lower than with a conventio#&l® con-
trol method thanks to the theory [&3], and that such

low degree controllers can be computed by the pro-

posed algorithm which can deal with not only inter-
polation but also derivative interpolation conditions.
This is the second contributions of this paper.

The outline of this paper is as follows. In Section 2,
the problem of analytic interpolation with complexity
constraint is formulated and the theory[#8] for this

problem is reviewed. Based on the theory, Section 3
formulates a new, more tractable optimization prob-

lem, equivalent to the original problem in a certain

values in the open unit disc anid, B) is a reachable

pair. The pair(A, B) constitutes a transfer function

G(z) == (I —zA)"B. (1)
—T

LetG*(z) := G(z~1) denote the point-wise complex

conjugate transpose. Using the givenn (1), define

the following set of Hermitian matrices:

A= g [T, GE"oE")
nxn . xG*(e'o) d0,
At o e w(m !
G*AG € 64+(T)

Q+ =

where ¢(T) is the space of continuous real-valued
functions on the unit circld and% . (T) its subset of
positive functions. Also, define the set

TE . .
Sy = {Z eCrn. ¥ = i/ G ao@E")
2n J_,

x G*(€%)d0, &= 9* ¢ m(v)} . 2)

Due to[22, Theorem 1]&, can equivalently be writ-
ten as

S, ={XeC™ .25 =WE + EW*>0,
W e W(A)},

whereE is the reachability Grammian @f4, B) and
W(A) = (W € C"" : AW = WA} is the set of

sense, and gives an algorithm for solving it. Section 4 matrices which are polynomials it and thus a: di-
provides an example of sensitivity shaping in robust mensional linear space over the field of complex num-
control and shows how the proposed computational bers. The matrixX is called a generalizeRick ma-

algorithm can be used.

2. Analytic interpolation with complexity
constraint

In this section, we formulate a problem of find-

trix. Clearly &4 C £4 since the positive definiteness
of X implies G*(€?)>G (é) > 0 for all 0, and hence
G*XG € 6+(T).

The problem of interest can now be stated as fol-
lows.

Problem 2.1. Let G andX € &4 (or equivalently

ing spectral densities subjected to both moment and the triple (A, B, W)) be given as above. For each
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Y =% ¢ %, (T),find any® € ¢, (T) of the form
14

—_— ?
(0] G AG A ey, 3)
which satisfies
1 (7 ) ) )
= | 6E"oEc*EHdo==x. (4)

2n J_,

Although the spectral densit® is neither analytic

857

can also be expressed as (4) with approprigt8 and

W; see[23]. In fact, the interpolation conditions can
equivalently be written in the operator theory style as
F(A)=W.

Constraint (3) on the densitp can be interpreted
as acomplexity constraintln the case whe¥’ is a
rational function, it degenerates talagree constraint
of F, studied in, e.9.[13,9,7}

In [23] Georgiou and Lindquist show the existence
and the uniqueness of a solution to Problem 2.1 by

nor interpolates, the problem can be interpreted as anconsidering an approximation problem. Furthermore,

analytic interpolation problenfor the following rea-

they provide a constructive way to determine the

son. Due to Riesz—Herglotz representation theorem nigue solution.

[2, p. 91] the density functiond corresponds to the
Carathéodory function

1 T A0
F(z)::—/ el +z

i
7Tl I @(e”) do,

which is analyticin the open unit disc and maps the
open unit disc into the open right half-plane. The
density is then the real part of the analytic function:
®(z)=2R€ F(z)}. Condition (4) can be stated in terms
of the analytic functionF' as theinterpolation condi-
tion; see[22]. For instance, taking

0 1
1 0 0
A= . . ., B=1 .1,
L 1 0 0
- wo
w1 wo
W == 1 (5)
L Wp—1 w1 wo
corresponds to the conditiong(0)/k! = wy,

k=0, ...,n — 1, in the Carathéodory extension prob-
lem, and

[ P1 1
A: s .

L Pn 1
w1
W: ,

L Wn

(6)

to the conditionsF(py) = wy, k =1,...,n, in the
Nevanlinna—Pick problem. Also derivative conditions
on F at arbitrary points in the unit disc (see, e[d5])

Theorem 2.2(Georgiou[23]). Let G andX € &,
(or equivalently the triple(A, B, W)) be given as
above. For each? = ¥* ¢ %, (T), there exists a
unique® = ¢* € €. (T) which minimizes
I y(d?)
SY|®) :=— | ¥(E’Ilog——— do,
@19 = 5 [ v@log S
subject to(4). The minimizer takes the for(8) where
A is the unique minimizer of the dual functional

(7)

Jy(A) = tracgAX) — % / i p(d?)

—T

x log(G* (€% AG(€?)) db,

overd e L.

(8)

Here S(V||®) is the Kullback—Leibler divergence
between spectral densities. It can be viewed as a gen-
eralization of entropy (sef = 1). We emphasize that
the global strict convexity of the dual functional (8)
also gives the uniqueness of the solution to Problem
2.1. Next, we will give a numerical algorithm for solv-
ing the dual problem.

3. An algorithm for solving the optimization
problem

This section proposes a numerical algorithm to
solve the optimization problem
(OPTy) min Jy(A),
/1651+

where the functionally is defined in (8). Since the
domain&, is a convex set and the cost functiodgl
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is a convex function(OPTy) is a convex optimization
problem. In fact, it has a uniquaterior point mini-
mizer. However, the problem may not, in some cases,
be accurately solvable. This can be attributed to the
unbounded gradient of the functional at the boundary
of the feasible region. This property is numerically un-
desirable since it leads to ill-conditioning of systems
of linear equations arising in Newton iterations; see
discussions i1j16,24]

To avoid such undesirable properties we, in Sec-
tion 3.1, transform the optimization problef®PT;)
into a new optimization problem. This new problem
is a generalization of the ones [i©6,24,5] but of the
same type. To be more precise, it is in general non-
convex, but has better numerical properties. Thus, to
solve the new problem, we utilize the same numeri-
cal algorithm based on a continuation method as in
[16,24,5] The numerical properties and the algorithm
will be sketched in Section 3.2.

3.1. An equivalent optimization problem

Here we will show that the optimization problem
(OPTy) is equivalent (in the sense explained in Propo-
sition 3.1) to the optimization problem

(OPTp)  min Jy(a),
aze‘l[+

where the domain is the Schur stability region defined
by

o= [og o1 = o]
o . JERXC"":00>0
U= o(z) == og

+o1z 4+ 012" 1 £0,Vz e D

with the closed unit dis® := {z € C : |z|<1}. The
new cost functional is defined as

Jy(@) = a*Ka — 2 x 2—171/ ¥ (@”) log|a(e?)| do,

where then x n positive definite Hermitian matrix
is defined by
K:=LT 'sTr- 71 9)

Here I is the reachability matrix of a reachable pair
(A, B) and L is the lower triangular Toeplitz matrix

A. Blomgvist, R. Nagamune / Systems & Control Letters 54 (2005) 855—864

defined as
1 0 0
G 1 :
0
Th—1 71 1

with 1(z) == 1+ 112+ - - - + 1,7 ;= det(l — zA).

For eachA € L4, sinceG*AG € ¢4+(T) and by
uniqueness up to sign of spectral factorization, there
is a uniquex € A, such that

ow(z)o* (z)

(10)

Note that without the conditionsy € R and
op>0, a in (10) is not unique sinceu(z)a*(z) =
(€%(2))(@%u(z))* forall 0 € R. Let H : £, — A,
denote the corresponding map. The optimization
problems(OPT;) and (OPT,) are equivalent in the
sense of the following proposition.

Proposition 3.1. The matrix is the unique solution
to (OPTy) if and only if & is the unique solution to
(OPT,) wherea = H(A).

Proposition 3.1 tells us that we might as well solve
(OPT,). The main advantage of solvingOPT,)
rather thanOPTy) is better numerical properties, see
[16,24] Also, in the self-conjugate casewe get a
real parameterization and avoid complex arithmetics.
The self-conjugate case is when it is possible to re-
state the problem in read, B and W. For instance,
in Nevanlinna—Pick interpolation, it corresponds to
having the constraint#'(zx) = w; and F(zx) = wy
simultaneously.

In order to prove the proposition, we will need the
following lemma.

Lemma 3.2. The map H is a bijection. Moreoveior
eachA € £,

tracg 1Y) = a* K a,
wherea = H(A) and K is defined in(9).

Proof of Lemma 3.2. It can be shown that’, has
real dimension 2 — 1 [23, Lemma 4] and clearly the
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same holds foRl, and Now the proof of Proposition 3.1 is straightforward.

i nx1 . T
Q, :={qe C""":Relq G(2)} >0, Proof of Proposition 3.1. Let A € £, anda=H (A).
vz e T, Im{q" B} =0}. Using factorization (10) and Lemma 3.2, we have

Hence they are all open setsif" L. Since€, and

1 (" 0
Q. are also convex, they are Euclidean (diffeomor- Jp(4) = trace(42) - Z/ reEen

—T

phic to R”"~1) (see[11, Lemma 6.7lfor a rigorous « log(G* (&) AG (€")) o,

proof). It can also be shown thak, is Euclidear{10, 1 fm _ ' _

p. 2306] =a*Ka— — | PE%)og(aE?)a* (&%)
Now, H = H» o Hi, where H; : £y — Q, 27? -

is the finite-dimensional map sending to q via — log(z(é%)e*(€%))) do,

q'G + (q"G)* = G*AG and Hy : Q, — A, maps

g to a via spectral factorization. By Georgid23,
Lemma 8] the mapH; is injective. Now, for all com-
pactK c Q. one can show that the inverse images
Hl_l(K) are bounded by a contradiction argument. =Jy(@) +c,

Taking aﬂsequencﬂk 16 Hl‘l(K) converging to where ¢ = —ffn G Iog(r(é(’)r*(e“’))de/Zn.
adg € &y, Ag € Hy *(K) unless it lies on the Let 1 . - . .

. . ) SR et A be the unique optimizer qOPTy) in L,:
boundary of2, since H; is continuous and injective. unique optimizer d D in Ly
However, sinceH; maps the boundary of, into Jp(A) <Jyp(A), VAeQ, A#A
the boundary of2, andK is compact,g cannot be o . . o
on the boundary. Therefortl; 1(K) is also closed ~ Then witha = H(A), using the bijectivity in Lemma
and hence compact. Thereforg is proper. Conse- 3.2, We equivalently have
quently, sinceH; maps between two Euclidean spaces N _ ~ _
of the same dimension, it is a homeomorphiig, JW(“)ng €= J]q'EA) <Jw()=Jw@® +ec,

Lemma 2.3Jand hence a bijection. Clearky, is also Ve e Ay, a#a.

* 1 " i0
:otKoz—sz— P eY)
TJ-n

x log|a(e€?)| do + ¢,

bijective, and hence so §. This concludes the proof.(
Finally, there is aC € C" such that

(z) 3.2. An algorithm for solving the new optimization
) AT

P C G(z), problem

where the coefficients are related by the linear relation e optimization problenfOPT) is a generaliza-

—T,-1 . .
C=1I""L""a. Therefore, proceeding along the lines oy of the optimization problems that appeared in
of [23, p. 2915] we have [16,24,5]in two ways. Firstly, interpolation condi-

tracg AY) tions are given in the more general formulation us-
1 (™ A , . ing the reachable paitA, B), and secondly, the class
= trace(AZ—/ GG E?) dO) , of ¥. In fact, while ¥ in [16,24,5]was on the form
1 TJ—n ¥ = (pp*)/(zt*) for some stable polynomial of de-
S traca AG (&) o) G* (7)) do, gree at most — 1, in this paper? = ¥* is arbitrary in
2n J_n %, (T). Still, the optimization probleniOPT,) is of
_ i " G*@" 46 @%b do, thg same type as i[1§,24,5] It also'sha'res the prop-
2n J_, erties of having a unique global minimizer and being
1T TGN G* @) EpEd) do locally convex around the global minimizer. To avoid
= on . (€)G7(e)CP(eT)do, getting stuck in local, but not global, minima, we will

apply the same continuation method aq16,24,5]
In fact, we will define auniquetrajectory from an ini-
This proves the second part of the lemmal tial point to the global optimum. By iterating close

=C'2C=Cc*2"C=a*Ka.
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enough to the trajectory, we will avoid getting stuck in
a local minimum which is not global. In this section
we summarize the algorithm.

Consider a family of optimization problems
{min Jy (@) : ¥, =14+ 4(¥Y -1 € 6.(T)},
e, )

J. €10, 1], (11)

which all are of the same type &PT,). For 1 =0,
the optimization problem

min Jy (e

e, 1@

has a minimizer in a closed form, calledh@aximum
entropy solutio23]. Whenl1 =1, ¥1 = ¥ and thus
the optimization problem

min Jy(a)

066‘1[4,

coincides with(OPT)). For /4 € [0, 1], all the solutions
&, constitutes a trajectory of minimizers to a family of
optimization problems (11), that we will be approx-
imately followed using a predictor—corrector method
[1]. In summary we present the algorithm below:

A predictor—corrector algorithm

1. Determine the maximum entropy solution (closed
form) and setlg = 0.

2. (Predictor step) Pick a new. 1 > 4. Compute a
predictor step in the direction of the trajectory.

3. (Corrector step) Use Newton iterates to return to
the trajectory.

4. Iterate the Predictor and Corrector steps until
An = 1.

Expressions for the predictor direction, the gradient
and the Hessian all generalizes directly fr¢24,5],

and are hence omitted here. In each Corrector step we,

solve one optimization problem in (11), which is of
the type(OPTy).

By increasing 4; slowly enough, the predicted
points will lie in the region of convexity, so that the

Newton iterates in the Corrector step converges. In
the implementation we check a necessary condition

for being in the region of local convexity, namely that
the Hessian is positive definite. However, increasing
Ar rapidly to one reduces the number of iteration
steps. Sensible rules for choosing the sequdngk
are given in[16,24]
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d()
p @

u(t)

v(t)

r(t)_~e®)

Fig. 1. The feedback system.

4. A low degree controller design for a
benchmark problem

In H° controller design, analytic interpolation with
complexity constraint has turned out to be particularly
useful[7,25,4] In the conventional approach, one is
confined to a particular interpolant and design is per-
formed by insightful choices of weighing functions.
By parameterizing a class &f°° controllers of a cer-
tain degree, weighting functions can be avoided. This
gives a new paradigm for tuning°° controllers while
keeping controller degrees low.

In this section, we will study the “Flexible Beam”
design problem from the textbodieedback Control
Theory[14, Sections 10.3 and 12.4The study indi-
cates the potential use of the proposed algorithm while
showing how the design is performed in a step-by-step
manner.

4.1. Formulation of the controller design problem

Consider the standard feedback system depicted in
Fig. L The plantP is given by

_ —6.4750:* +4.0302 + 1757700
- 5(5s% + 356822 + 13950215 + 0.0929’

which has one unstable polesat0, one non-minimum
phase zero ai = 5.5308, and one zero at infinity of
multiplicity two. The objective is to design a controller
C in Fig. 1which achieves the following conditions:

P(s)

(I) C is strictly proper,
(I) the feedback system is internally stable,
(1) for a step reference signalz),

(i) the settling time is less than 8 seconds,
(ii) the overshoot is less than 10%, and
(iii) the control input fulfills |u(¢)|<0.5 for

all 7.
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In the book[14], the authors approximate the time
domain conditions (II1)(i) and (ll1)(ii) by a frequency
domain condition. More concretely, they try to match
the frequency response of the sensitivity functfor=

(1+ PC)~1 to an “ideal” sensitivity function given by
s(s +1.2)
S; L e
ideal(s) 21125 +1

which captures the time domain conditions (II1)(i) and
(1 (ii). We follow the same strategy, i.e., we state

861

closed right half-plané, and satisfying conditions

at unstable poles, non-minimum phase zeros and infi-

nite zeros. For our case we get

S(0)=0, S85(553089=1 S(0)=1,
=0.

d? 1
=86
ds? s=0

d Ss7h
dS s s=0

Note that the condition on the highest derivativeSof
will make the corresponding controller strictly proper.

the problem in the frequency domain as designing a Therefore the se#” becomes

sensitivity functionS which achieves (1), (Il) and

(1" the frequency response 8fis similar to that of
Sideal-

Here, we do not explicitly include condition (1) (iii).

S is analytic inC4, [|S]leo <7
5. S(0)=0, (55308 =1, S(co)=1
L56H| o= s _ =0
ds s=0 " ds2 s=0
(13)

S =

Instead, we need to check the condition after design- |n the second step, we introduce the new function
ing an$ and, if necessary, redesign anwithout an  $(5) := §(s~1). Then we can express the interpolation
unacceptable degradation of the frequency response ofconditions for the function and its derivatives. The set
S. Slmllarly, in the end we need to check conditions % has a one-to-one Correspondence to the new set

(i) and (1M)(ii) since they are not guaranteed by
an’.
Now, we define a set of sensitivity functions
& = {S : § fulfills conditions (I} (Il), and
1Slloo <7}

for somey > || Sigealll co- Our strategy is to determine
an element of” which solves the control problem.

4.2. Reduction to an analytic interpolation problem
with degree constraint

Next, we will show that each element in thelset

1
P = {tI):QD* €6, (T): —
2n

T
x / GE@HoEhG* %) do = 2} . (12
—T

whereG is defined in (2), determines a unique element
in the set?. We also determine the matricas B and
W of Section 2 for our particular control problem. We
need the following five steps to do this.

Firstly, conditions (1) and (Il) can be expressed us-
ing S, see for instancfl4], asS being analytic in the

1The complexity constraint (3) will be imposed ah later.

~ SisanalyticinCy, [[Slle <7
F =18 8(c0) =0, §(1/55309 =1, S(0)=1}.
A 2 A
230=5%350=0

In the third step we consider the bilinear transforma-
tions of the domain and the range as

F(z) = w
y—=58(1+2)

Transforming the data according to the bilinear trans-
formations, the se¥ has a one-to-one correspondence
to the set

Fis analytic inD, F + F* € €,(T)
F(-1)=1, F(0.6938 =35,
F(1)=35
4 pry=2 F1y=0

ds ds2

In the fourth step we definE(z) := ﬁ(z/;c) for some

|x| < 1. The reason for doing this is that some interpo-
lation points lie on the unit circle. This corresponds to
eigenvalues ofi in (1) on the unit circle, and this case
is not covered with the theory if23]. The smallernc
the worse approximation, but typically, the better be-
haved optimization problem. Here, we take= 0.90
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and get the solution set

F is analytic inD, F + F* € ,(T)
F(—0.90) =1, F(0.6244 = 35,
F(0.90) = 35

2
£ F0.90 =2, F(0.90)=0

F =

Notice that the relatiof : F(z)=F (xz), F € F} C
Z holds.

In the last step we define the functidn:= F + F*.
The set7 is then in one-to-one correspondence with
the set? in (12), if we take

090 O 0 0 0
1 09 O 0 0
A=]| O 1 090 0 o1,
0 0 0 -09 O
0 0 0 0 063
1 35 0 0 0 O
0 0 35 0 0 O
B=|0|], W=|] 0 0 35 0 O
1 0O o0 0 1 O
1 0O 0O O 0 35

To bound the controller degree, we introduce a degree

constraint onS, see[25]. To this end, note that due to
Theorem 2.2 and Lemma 3.2, for each giva: V* ¢
%+ (T) there exists a unique element of the form

. v . bd
T G*AG T oot /TT*]

in the set?. If we restrict the form of? to ¥ =
(pp*)/(zt*), wherep is a stable polynomial of degree
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Sensitivity Function

— — Conventional
— Proposed
— - |deal

- 2 10° 10° 10"

Fig. 2. The frequency responses of sensitivity functions for the
conventional design, our design and the ideal function. The dotted
line is the upper boung of |S|.

4.3. Controller design in the frequency domain

Here we tune our design parameteesdp in order
to fulfill condition (l11"). First, we determine a value of
y larger than|| Sigealll .o Which will guarantee a certain
level of robustness. In this problem, we pigk= 1.8,
seeFig. 2

Next, we will choose @ of degree four to achieve
all the specifications. Using the strategieq28] to-
gether with some trial-and-error, we pick the roots of
p asz = 0.4373+ 0.78661 0.675Q and 09000. With
the bilinear transformations of Section 4.2 the corre-
sponding roots in the domain ¢f ares = +1.7i, 7,

at most four, then we can guarantee that the McMillan andoo. The complex conjugated pair of roots on the
degree ofS is at most four. In this case, we get the set imaginary axis yields a peak df| close to that of

of degree constrained spectral densities

~

P = P

&
P degp<4, p(z) #0,
ol

{ée?:d):

Vzelz: |z|>1}}.

This corresponds to the solution set to an analytic in-
terpolation problem with degree constraint parameter-

ized by p. For eachp, we can determine the corre-
sponding elemen® in P by using the algorithm of
Section 3.2 and successively compute the unifjire
& . The p will serve as a tuning parameter in the con-
troller design.

| Sideall, S€€[25]. The other roots are chosen so that the
magnitude of the control signal fulfills the condition
(IM(iii). 2 Multiplication of p with a constant does
not affectS. For this choice op, the functionS in &
and the controlleC becomes

5% 4 15.245% + 64.425% 4 132585
54+ 15.2453 + 64.4252 + 116215 + 90.49’

12.63s3 + 9.016s2 4 35255 + 0.2347

(s) = s% 4+ 20,1553 + 139252 + 44885 + 6507
(14)

S(s) =

2The choice of roots ofp for condition (II)(iii) is quite
heuristic at this point.
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Fig. 3. The step responser) for the closed loop systems and the corresponding control signafor the conventional and the proposed
designs.

Table 1 5. Conclusions
The performance for a convention&l* design and the proposed
design. . .
In this paper, we have proposed a numerical algo-

Conventional Proposed  rithm for computing any solution to a general class
Controller degree 8 4 of analync interpolation problems with complgxny
Rise time (s) 1.55 1.46 constraint. .The computation amounts to solvm-g a
Overshoot 1.11 1.02 convex optimization problem which has numerical
Settling time (s) 541 2.49 undesirable properties. We have transformed the prob-
Max Ju| 048 048 lem into an optimization problem which is non-convex

but solvable by means of a numerical continuation
method. The proposed algorithm has successfully been
In Fig. 2the frequency responses of the proposed de- applied to a benchmark problem in robust control.

sign, the design of the bodk4] and of Sigea are plot- At this stage, the algorithm only works for the scalar
ted. One can see that our sensitivity function almost case. In this context, we note that the existence proof
overlapsSigea and thus in agreement witthll ). in [18] was also done for the multivariate case. Itis im-
portant to develop algorithms for multivariate versions
4.4, Performance comparison in the time domain of analytic interpolation with complexity constraint.

One such algorithm was developed based on the the-
Now we verify the achievement of the given spec- ory on matrix-valued interpolation with degree con-

ification in the time domain, and compare controller straint in[4]. Other extensions to multivariate cases,
(14) with the controller designed {i4, p. 215] The such as tangential interpolation (see d1p]), will
step responses of the closed-loop systems and the corbe an important subject of future research. In addi-
responding control signals are plotted Fig. 3. In tion, interpolants with complexity constraint having
Table 1 we can see that our design not only meets boundary spectral zeros are important in applications.
the specifications but also provides a better perfor- In[21] it was shown that the parameterization in terms
mance than the conventional design. In addition, our of spectral zeros can be extended to the boundary, and
controller is of half the degree. in [8] it was shown in a more general setting that the
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optimization approach can also be extended to the [10] C.I. Byrnes, A. Lindquist, Geometry of the Kimura—Georgiou

boundary. However, a computational algorithm for the
theory is still to be developed. Furthermore, it is very

important and interesting to study how to tune e
controllers in this framework. This work is initialized
in [25] but more research effort is needed.
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