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Plan 

• MECHATRONIC ENGINEERING 

• DYNAMIC MODELS AND ANALOGIES 

• MODEL LINEARIZATION 

• LINEAR GRAPHS 

• EQUIVALENT CIRCUITS 

• LINEAR GRAPH REDUCTION 

• COMPONENT INTERCONNECTION AND SIGNAL CONDITIONING 

• PERFORMANCE SPECIFICATION AND ANALYSIS 

• ANALOG SENSORS AND TRANSDUCERS 

• DIGITAL TRANSDUCERS 

• STEPPER MOTORS 

• CONTINUOUS-DRIVE ACTUATORS 

• INTEGRATED DESIGN 
Material is from the Books:  
De Silva, C.W., MECHATRONICS—An Integrated Approach, CRC Press, Taylor & Francis, Boca Raton, FL, 
2005. 
De Silva, C.W., MODELING AND CONTROL of Engineering Systems, CRC Press, Taylor & Francis, Boca 
Raton, FL, 2009. 
www.crcpress.com 
 



Mechatronics
• Origin of Term: 

“MECHAnics and 
elecTRONICS,”
Yasakawa Electric Co., 
1969

• Synergistic application 
of mechanics, 
electronics, control 
engineering, and 
computer science in the 
development of 
electromechanical
products and systems, 
through integrated 
design. 
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Example of Mechatronic System



The space 
shuttle is a 

multi-domain 
system

consisting of 
multiple

subsystems. © NASA-Houston.



Computer hard 
disk drive (HDD) 
showing disk and 
read/write head

Courtesy of Quantum Corp.

Another Mechatronic System



• Sequentially designed components of existing “mixed”
systems are not optimally matched 

• There is potential for improvement through concurrent and 
optimal design

• Benefits of a mechatronic design: 
– Optimality and better component matching
– Increased efficiency
– Cost effectiveness
– Ease of system integration
– Compatibility & ease of cooperation with other 

systems
– Improved controllability
– Increased reliability
– Increased product life

Motivation for Mechatronic Design



Mechatronic Design ProcedureMechatronic Design Procedure
Modeling and Design Prototyping Deployment

Identification of the need

Topology/structure and 
component design

Conceptual design/Functional 
specification

Testing and system refinement

Detailed mathematical  
modeling and simulation

Component selection

Design refinement and 
optimization

Hardware-in-the-loop 
simulation

Design optimization

Production and deployment

Life cycle evaluation and 
optimization

Information for future upgrades

First principle modular 
mathematical modeling

Prototype development



Modeling



Analytical Model Example:
Computer Hard Disk Drive (HDD)



Dynamic System

Note: Rates of Changes of Outputs/State Variables are Not Negligible

System 
Boundary

Inputs/
Excitations

Outputs/
Responses

Dynamic System
(State Variables,
System Parameters)

Environment



TERMINOLOGY 
 
System: Collection of interacting components of interest, 
demarcated by a system boundary 
Dynamic System: Rates of changes of response/state variables 
cannot be neglected 
Plant or Process: System to be controlled 
Inputs: Excitations (known, unknown) to the system 
Outputs: Responses of the system 
State Variables: Completely identify the “dynamic” state of system 
Note: If state variables at one state and inputs up to a future state 
are known, the future state can be completely determined  
Control System:  Plant + controller, at least (May include sensors, 
signal conditioning, etc.) 



Examples of Dynamic Systems 
   

  
System Typical Input Typical Outputs 

Human body Neuroelectric 

pulses 

Muscle contraction, 

 body movements 

Company Information Decisions,  

finished products 

Power plant Fuel rate Electric power, 

 pollution rate 

Automobile Steering wheel 

 movement 

Front wheel turn, 

direction of heading 

Robot Voltage to joint 

motor 

Joint motions,  

effector motion 



A DYNAMIC SYSTEM EXAMPLE: 
A VISION-BASED WAFER INSPECTION CONTROL SYSTEM 

 
 

 
 

 



Dynamic Model 
 

It is a representation of a system  

Useful in analysis, design, modification, and control 

An engineering (e.g., Mechatronic) physical system consists of a 
mixture of different types of components 

An engineering (e.g., Mechatronic) system is typically a multi-
domain (mixed) system 

Integrated and unified development of model is desirable (i.e., all 
domains are modeled together using similar approaches)  

Use analogous procedures to model all components (in analytical 
modeling)  

Analogies exist in mechanical, electrical, fluid, and thermal 
systems 



MODEL TYPES 
Model: A representation of a system.   

Types of Models: 

1. Physical Models (Prototypes) 

2. Analytical Models 

3. Computer (Numerical) Models (Data Tables, Curves, Programs, 

Files, etc.) 

4. Experimental Models (use input/output experimental data for 

model “identification”) 

Note: 

Dynamic System: Response variables are functions of time,  

                                     with non-negligible rates of changes.   
 



MODEL COMPLEXITY 

• Universal Model (which considers all aspects of the system) is 

unrealistic 

E.g.: An automobile model that represents ride quality, energy 

consumption, traction characteristics, handling, structural 

strength, capacity, load characteristics, cost, safety, etc. is not 

very practical 

• Model may address a few specific aspects of 

interest/application 

• Model should be as simple as possible (Approximate 

modeling, model reduction, etc. are applicable here) 



ADVANTAGES OF ANALYTICAL MODELS  

OVER PHYSICAL MODELS 

• Modern, high-capacity, high-speed computers can accommodate 

complex analytical models 

• Models can be modified quickly, conveniently, and high speed at low 

cost 

• High flexibility of making structural and parametric changes 

• Natural use in computer simulations 

• Can be integrated with computer/numerical/experimental models 

• Can be done well before a prototype is built (and can be instrumental 

in deciding whether to prototype)  



ANALYTICAL MODEL TYPES 
• Nonlinear: Nonlinear differential equations (principle of superposition does not hold) 

• Linear: Linear differential equations (principle of superposition holds) 

• Distributed (Continuous)-parameter: Partial differential equations (Dependent variables are 

functions of time and space) 

• Lumped-parameter: Ordinary differential equations (Dependent variables are functions of time, 

not space) 

• Time-varying (Non-stationary, Non-autonomous): Differential equations with time-varying 

coefficients (Model parameters vary with time) 

• Time-invariant (Stationary, Autonomous): Differential equations with constant coefficients 

(Model parameters are constant) 

• Random (Stochatic): Stochastic differential equations (Variables and/or parameters are 

governed by probability distributions) 

• Deterministic: Non-stchastics differential equations 

• Continuous-time: Differential equations (Time variable is continuously defined) 

• Discrete-time: Difference equations (Time variable is defined as discrete values at a sequence 

of time points)   



Through Variables and Across Variables 
 
Across Variable: Varies Across Element 
(E.g., Velocity, Voltage, Temperature, Pressure) 
 
 

 Through Variable: Remains Unchanged Through Element 
(E.g., Force, Current, Heat Transfer Rate, Fluid Flow Rate) 

 
Mechanical Elements: 

 

 

 

 

Electrical Elements: 

 

 

 

 

Thermal and Fluid Elements: 

 

 



Mechanical Elements 
Variables; Velocity (across variable) and  force (through variable) 
 
Mass (Inertia) Element (A-Type Element) 

Constitutive Equation (Newton’s 2nd Law): m dv
dt

f=  
 m = mass (inertia) 
Power = fv = rate of change of energy è 

E fv dt m dv
dt

v dt mv dv= = = ∫∫∫  è   Energy E mv=
1
2

2
 (Kinetic Energy) 

Note: Energy storage element 

Integrate constitutive equation è  v t v
m

f dt
t

( ) ( )= +−

−
∫0 1

0
 

Set t = +0  è   v v( ) ( )0 0+ −=  unless force is infinite.   
Note: 0−  denotes instant just before t = 0 and 0+  denotes instant just after t = 0.   
 
Observations: 

1. Velocity (across variable) represents the state of an inertia element è “A=Type Element”                              
Notes: 1. Velocity at any t is completely determined from initial velocity and the applied force;          
2. Energy of inertia element is represented by v alone. 

2.  Velocity across an inertia element cannot change instantaneously unless infinite force/torque 
applied. 

3. A finite force cannot cause an infinite acceleration in inertia element.  A finite instantaneous 
change (step) in velocity needs an infinite force  è v is a natural output (or state) variable and 
f is a natural input variable for inertia element. 

 



Mechanical Elements 
 
 
Spring (Stiffness) Element (T-Type Element) 
Constitutive Equation (Hook’s Law): df

dt
kv=  

 k = stiffness 
Note: Differentiated version of familiar force-deflection Hooke’s law in order to use velocity (as 
for inertia element) 

Energy E fv dt f
k

df
dt

dt
k

f df= = = ∫∫∫
1 1   è   Energy   E f

k
=

1
2

2

      (Elastic potential energy) 

f t f k v dt
t

( ) ( )= +−

−
∫0
0

   è  f f( ) ( )0 0+ −=  unless an infinite velocity is applied 

Note: Energy storage element 
 
Observations: 
1. Force (across variable) represents state of spring element è “T-Type Element”   
     Justified because: 1. Spring force of a spring at time t is completely determined from 

initial force and applied velocity; 2. Spring energy is represented by f alone. 
2. Force through stiffness element cannot change instantaneously unless an infinite velocity 

is applied to it. 
3. Force f is a natural output (state) variable and v is a natural input variable for spring. 



Mechanical Elements 
 
 
Damping (Dissipation) Element (D-Type Element) 
 
 
 
Constitutive Equation: f bv=  
 b = damping constant (damping coefficient); for viscous damping 

 
Observations: 
1. This is an energy dissipating element (D-Type Element) 
2. Either f or v may represent the state 
3. No new state variable is defined by this element. 



Electrical Elements 
Variables:  Voltage (across variable) and the current (through variable)  

 
Capacitor Element (A-Type Element) 
Constitutive Equation:   C dv

dt
i=  

 C = capacitance 
Power = iv è Energy E iv dt C dv

dt
v dt Cv dv= = = ∫∫∫    è    

  Energy  E C v=
1
2

2   (electrostatic energy) 
Note: Energy storage element  
Integrate constitutive equation: v t v

C
i dt

t

( ) ( )= +−

−
∫0 1

0

 

è  v v( ) ( )0 0+ −=  unless an infinite current is applied  
 
Observations: 

1. Voltage (across variable) is state variable for a capacitor è  
    “A-Type Element” 
2. Voltage across a capacitor cannot change instantaneously unless an infinite 

current is applied. 
3. Voltage is a natural output variable and current is a natural input variable for 

a capacitor. 
 



Electrical Elements 
Inductor Element (T-Type Element) 
 
Constitutive Equation:  L di

dt
v=  

 L = inductance  

Energy   E Li=
1
2

2     (Electromagnetic energy) 
Note: Energy storage element 

Integrate constitutive equation: i t i
L

v dt
t

( ) ( )= +−

−
∫0 1

0
 

è i i( ) ( )0 0+ −=    unless an infinite voltage is applied.  
 
Observations: 

 Current (through variable) is state variable for an inductor è “T-Type Element” 
 Current through an inductor cannot change instantaneously unless an infinite voltage is applied. 
 Current is a natural output variable and voltage is a natural input variable for an inductor. 

 



Electrical Elements 
 
 
Resistor Element (D-Type Element) 
 
Constitutive Equation: v Ri=  (Ohm’s law) 
 R = resistance 

 
Observations: 
1. This is an energy dissipating element (D-Type Element) 
2. Either i or v may represent the state 
3. No new state variable is defined by this element. 



Thermal Elements 
Variables: Across variable temperature (T) and through variable heat transfer rate (Q). 

 
 
 
 

Thermal Capacitor (A-Type Element) 
Consider control volume V of fluid with, density ρ, and specific heat c.   

Constitutive Equation: Net heat transfer rate into the control volume  
dTQ Vc
dt

ρ=  è      

  C dT
dt

Qt =   
        C vct = ρ  = thermal capacitance of control volume 
 
Observations: 
Temperature T is state variable for thermal capacitor (from usual argument) è  
“A-Type Element” 
Heat transfer rate Q is natural input and temperature T is natural output for this element 
This is a storage element (stores thermal energy) 
 
 
Note: There is no thermal “inductor” like storage element with state variable Q .   



Thermal Elements 
Thermal Resistance (D-Type Element) 
Three basic processes of heat transfer è three different types of thermal resistance  
 
Constitutive Relations 
Conduction:  Q kA

x
T=

∆   
k = conductivity; A = area of cross section of the heat conduction element; ∆x = length of heat 
conduction that has a temperature drop of T. 
è Conductive resistance R x

kAk =
∆  

 
Convection:   Q h ATc=   
hc = convection heat transfer coefficient; A = area of heat convection surface with temperature 
drop T 
 

è  Conductive resistance R
h Ac

c
=

1
  

 
Radiation:   Q F F A T TE A= −σ ( )1

4
2
4   è a nonlinear thermal resistor  

σ = Stefan-Boltzman constant 
FE = effective emmisivity of the radiation source (of temperature T1) 
FA = shape factor of the radiation receiver (of temperature T2) 
A = effective surface area of the receiver. 



Fluid Elements 
Variables: Pressure (across variable) P  and volume flow rate (through variable) Q  
 
Fluid Capacitor (A-Type Element) 
Constitutive Equation: C dP

dt
Qf =  

Note 1: Stores potential energy (a “fluid spring”)  
Note 2: Pressure (across variable) is state variable  
              for fluid capacitor è “A-Type Element” 
 
Three Types: Fluid compression; Flexible container; Gravity head 
1a. For liquid control volume V of bulk modulus β :     C V

bulk =
β   

1b. For isothermal (constant temperature, slow-process) gas of volume V and pressure:  
C V

Pcomp =   

1c. For adiabatic (zero heat transfer, fast-process) gas:   C V
kPcomp =      

k
c
c

p

v
=  = ratio of specific heats at constant pressure and constant volume 

2. For incompressible fluid in a flexible vessel of area A and stiffness k:      C A
kelastic =

2

 
Note:  For a fluid with bulk modulus, the equivalent capacitance =C Cbulk elastic+ . 
3. For incompressible fluid column of area of cross-section A and density ρ:  C A

ggrav =
ρ  



Fluid Elements 
Fluid Inertor (T-Type Element) 
 
 

Constitutive Equation: f
dQI P
dt

=   
 
Note 1: Volume flow rate Q (through variable) is state variable for fluid inertor è  
              “T-type Element”   
Note 2: It stores kinetic energy, unlike the mechanical T-type element (spring), which 
stores potential energy.   
 
With uniform velocity distribution across A over length segment ∆x : 
  Fluid inertance   I x

Af = ρ
∆

  
 

For a non-uniform velocity distribution: 
            Fluid inertance I x

Af = αρ
∆

   (correction factor α) 
For a pipe of circular cross-section with a parabolic velocity distribution, α = 2 0.  
 



Fluid Elements 
 
Fluid Resistor (D-Type Element) 
 
 
 
Constitutive Equation (Linear): P R Qf=   

 
Constitutive Equation (Nonlinear):   P K QR

n=   
                                                          (KR and n are parameters of nonlinearity) 
 
For Viscous Flow Through a Uniform Pipe:  

(a) With circular cross-section of diameter d:  R x
df = 128 4µ

π
∆

 

(b) With rectangular cross-section of height b << width w:    R x
wbf = 12 3µ
∆

  
Note: µ = absolute viscosity (or, dynamic viscosity); υ = kinematic viscosity  
          with µ υρ=   
 



Analogies and Constitutive Relations 

 

 
Constitutive Relation for 

System Energy Storage Elements Energy Dissipating 
Elements 

Type A-Type 
(Across) Element 

T-Type 
(Through) 
Element 

D-Type 
(Dissipative) Element 

Translatory- 
Mechanical 
v = velocity 
f = force 

Mass 
m dv

dt
f=  

(Newton’s 2nd Law) 
m = mass 

Spring 
df
dt

kv=  
(Hooke’s Law) 

k = stiffness 

Viscous Damper 
f bv=  
b = damping 
              constant 

Electrical 
v = voltage 
i = current 

Capacitor 
C dv

dt
i=  

C = capacitance 

Inductor 
L di

dt
v=  

L = inductance 

Resistor 
Ri v=  
R = resistance 

Thermal 
T = temperature 
                 difference 
Q = heat transfer rate 

Thermal Capacitor 
C dT

dt
Qt =  

Ct = thermal capacitance 

None Thermal Resistor 
R Q Tt =  

Rt = thermal resistance 

Fluid 
P = pressure 

       difference 
Q = volume flow rate 

Fluid Capacitor 
C dP

dt
Qf =  

Cf = fluid capacitance 

Fluid Inertor 
I dQ

dt
Pf =  

If = inertance 

Fluid Resistor 
R Q Pf =  

Rf = fluid resistance 



 
Through and Across Variables 

 
 
 

 
 
 

System Type Through Variable Across Variable 
Hydraulic/Pneumatic Flow Rate Pressure 

Electrical Current Voltage 

Mechanical Force Velocity 

Thermal Heat Transfer Temperature 



Force-Current Analogy 
 

System Type Mechanical Electrical 
System-
Variables: 

  

Through-  
      Variables 

Force f Current i 

Across- 
      Variables 

Velocity v Voltage v 

System  m C 
Parameters k 1/L 

 b 1/R 
 
 



Natural Oscillations 
 

• Require two-types of energy 
• One type of stored energy is converted into the other type, 

repeatedly back and forth è oscillatory natural response.   
• Some energy will dissipate (through the dissipative mechanism of D-

type element) è Natural oscillations will decay  
 
Mechanical Systems: Kinetic Energy and Potential Energy (Elastic or 
Gravitational) 
 
Electrical Systems: Electrostatic Energy and Electromagnetic Energy 
 
Fluid Systems: Kinetic Energy of Flow and Potential Energy of Fluid 
Storage or Head  
 
Thermal Systems: Only one type of energy storage element (A-type) with 
only one type of energy (thermal energy) è purely thermal systems cannot 
naturally oscillate (unless with external force, or integrated with other 
systems (e.g., fluid systems). 
 



STEPS OF MODEL (ANALYTICAL) DEVELOPMENT 
1. Identify  system of interest (purpose,  boundary) 

2. Identify/specify variables of interest  (excitations/inputs,   responses/outputs, etc.) 

3. Approximate various segments (processes, phenomena) by ideal elements, suitably 

interconnected. 

4. Draw a free-body or circuit diagram, with suitably isolated components. 

   (a)Write constitutive equations (physical laws) for elements. 

 (b)Write continuity (or conservation) equations for  

         through variables (equilibrium of forces at joints; current balance at nodes, etc.) 

 (c)Write compatibility equations for across (potential or path) variables (loop 

equations for velocities—geometric connectivity;  voltages—potential balance) 

 (d)Eliminate auxiliary (unwanted) variables 

5. Express boundary conditions and initial conditions using system variables. 



State Space Model 
 
Note: Inputs (u) and outputs (y) are given 
 
Step 1: State Variable (x) Selection 
Across variables for A-type energy storage elements  
Through variables for T-type energy storage elements 
 
Step 2: Write constitutive equations for all the elements (both 
energy storage and dissipative) 
 
Step 3: Write compatibility equations and continuity equations 
 
Step 4: Eliminate redundant variables 
 
Step 5: Express the outputs in terms of state variables 
 

 Linear Form:    = +&x Ax Bu ;       y = Cx  
 



State Space Model Example 
Diesel Engine Driving a Pump   Linear Model 

 

 

 

  

 

 

Free Body Diagrams 
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State Space Model 
 

For K: 

Constitutive relation:  )( 1 ωω −= K
dt
dT

     (i) 

 Torque balance (Continuity):   0)( 11 =−− TB ωΩ  (ii) 

 Substitute (ii) into (i):   Ωω KKT
B
K

dt
dT

+−−=
1

   (iii) 

This is one state equation. 

For J: 
  Constitutive relation: 02 =−+ TBJ ωω&  

=>      T
JJ

B
dt
d 12 +−= ω
ω

 (iv) 
 This is the second state equation. 
 
Vector-matrix form of the state-space model: 
 

Ω
ωω 















+





































−

−
−

=





















01 2

1
KT

J
B

J

K
B
K

dt
d

dt
dT

 

 



Analogous Translatory System 
 

 

 

 

 



Model Linearization



Model linearization 
 

• Real systems are nonlinear 
• They are represented by nonlinear analytical models 
• Common techniques (e.g., response analysis, frequency 

domain analysis, eigenvalue problem analysis, simulation, 
control) use linear models 

• Method: Linearize each nonlinear term (1st order Taylor 
series approximation) 

 
Note: A nonlinear term may be a function of more than one 
independent variable. 

 



Example 

 
Induction Motor-Pump Combination in Spray Painting System of Automobile Assembly Plant  

 
Light gear with efficiency η and speed ratio 1:r; flexible shaft torsional stiffness kp 
Moments inertia of motor rotor and pump impeller: Jm and Jp 
Dissipation in motor and bearings: viscous damping of damping constant bm   
Pump load (paint load plus dissipation): viscous damping constant bp 

Magnetic torque Tm of induction motor 
0 0 0

2 2
0

( )
( )

m
m

m

T qT
q
ω ω ω
ω ω

−
=

−  

mω  = motor speed; T0 depends quadratically on phase voltage supplied to motor;  

0ω  ∝  line frequency of the AC supply;   q > 1.0 
 
 



Related Questions 
 

(a) Comment about the accuracy of model 
(b) State variables: motor speed mω , pump-shaft torque Tp, pump speed pω . Derive three 

state equations: nonlinear state model.  What are the inputs to the system? 
(c) What do parameters 0ω  and T0 represent with regard to motor behavior? Determine 

m

m

T
ω

∂
∂

, 
0

mT
T

∂
∂

 and 
0

mT
ω

∂
∂

 and verify that first is negative and other two are positive.  Note: 

under normal operating conditions 00 mω ω< < .   
(d) Consider steady-state operating point: steady motor speed mω .  Obtain expressions for 

pω , Tp, and T0 at operating point, in terms of mω  and 0ω  
(e) Let m

m

T b
ω

∂
= −

∂
, 1

0

mT
T

β
∂

=
∂

, and 2
0

mT
β

ω
∂

=
∂

 at operating point.  Voltage control: vary T0; 

Frequency control: vary 0ω . Linearize state model about operating point and express it 
in terms of incremental variables ˆmω , ˆ

pT , ˆ pω , 0̂T , 0ω̂ .  Let (incremental) output 
variables be incremental pump speed ˆ pω  and incremental angle of twist of the pump 
shaft.  Obtain linear state space model A, B, C and D.  

(f)For frequency control only ( 0̂T  = 0) obtain input-output differential equation relating 

ˆ pω  and 0ω̂ .  Show that if 0ω̂  is suddenly changed by step 0ˆ∆ω  then 
3

3

ˆ pd
dt
ω

 will 

instantaneously change by step 2
0ˆ

p

m p

rk
J J
β

∆ω , but not the lower derivatives of ˆ pω  

 



Solution 
(a) • Backlash and inertia of gear transmission neglected (not accurate in general).  Gear 

efficiency η is assumed constant but usually varies with speed 
 • There is some flexibility in the shaft (coupling) between gear and drive motor 
 • Energy dissipation (in pump load, bearings) is lumped into a single linear viscous-damping 

element (In practice nonlinear and distributed) 

(b) Motor speed  m
m

d
dt
θ

ω = ;   Load (pump) speed 
p

p
d
dt
θ

ω = ; θm = motor rotation; θp =  pump rotation  

 Gear efficiency 
Output Power
Input Power

p m

g m

T r
T

ω
η

ω
= =  with Tg = reaction torque on motor shaft from gear 

r = gear ratio è mrω  = output speed of gear   
Power = torque × speed è g p

rT T
η

=  (i) 

Newton’s 2nd law (Torque = Inertia × Angular Acceleration) for motor:  m g m m m mT T b Jω ω− − = &  (ii) 
Newton’s 2nd law for pump:   p p p p pT b Jω ω− = &  (iii) 
Hooke’s law (Torque = torsional stiffness × angle of twist) for flexible shaft: ( )p p m pT k rθ θ= −  (iv)
State Equations: (ii), (iii), and derivative of (iv); Specifically 

Substitute (i) into (ii):   m m m m m p
rJ T b Tω ω
η

= − −&  (v) 

Differentiate (iv):    ( )p p m pT k rω ω= −&   (vi) 
Equation (iii):     p p p p pJ T bω ω= −&   (vii) 

Note: Nonlinear model; State vector = [ ]T
m p pTω ω ;  Input 0 0 0

2 2
0

( )
( )

m
m

m

T qT
q
ω ω ω
ω ω

−
=

−  (viii) 

Strictly, two inputs: 0ω  (speed of rotating magnetic field ∝  line frequency); T0 ∝  (phase voltage)2 



Induction Motor Characteristic Curve 
 

 



Solution (Cont’d) 
 
(c) From (viii): When 0mω =  è Tm = T0  è T0 =  starting torque of motor 
      From (viii): When Tm = 0 è 0mω ω=   è 0ω  = no-load speed = synchronous speed  
Note: Under no-load conditions, no slip è  
Actual speed of induction motor = speed 0ω  of rotating magnetic field 
Differentiate (viii) with respect to 0T , 0ω , and mω :     0 0

12 2
0 0

( )
( )

m m

m

T q
T q

ω ω ω
β

ω ω
∂ −

= =
∂ −

 (say) (ix)   
2 2 2 2

0 0 0 0 0 0 0 0 0
22 2 2 2 2 2

0 0 0

[( )(2 ) ( )2 ] [( ) ( 1) ]  (say)
( ) ( )

m m m m m m

m m

T T q q q T q q
q q

ω ω ω ω ω ω ω ω ω ω ω ω
β

ω ω ω ω ω
∂ − − − − − + −

= = =
∂ − −

 (x)
2 2 2 2

0 0 0 0 0 0 0 0
2 2 2 2 2 2
0 0

[( )( 1) ( )( 2 )] [( 1) ( ) ]  (say)
( ) ( )

m m m m m

m m m

T T q q T q q b
q q

ω ω ω ω ω ω ω ω ω ω
ω ω ω ω ω

∂ − − − − − − + −
= = − = −

∂ − −
  (xi)   

Note: β1 > 0 ;   β2 > 0 ;   b > 0 
 
(d) Steady-state operating point è rates of changes of state variables = 0    
Set 0m p pTω ω= = =&& &  in (v) – (vii) è  0 m m m p

rT b Tω
η

= − − ;  0 ( )p m pk rω ω= − ;  0 p p pT b ω= −  è 

p mrω ω=  (xii);    p p mT b rω=  (xiii) 

2 0 0 0
2 2
0

( )              (from (2.62) or (viii))
( )

m
m m m p m

m

T qT b r b
q
ω ω ω

ω ω η
ω ω

−
= + =

−
  è 

2 2 2
0

0
0 0

( )( )
( )

m m p m

m

b r b q
T

q
ω η ω ω

ω ω ω

+ −
=

−
 (xiv) 

 



Solution (Cont’d) 
(e) Take increments of state equations (v) – (vii): 

1 0 2 0
ˆ ˆˆ ˆ ˆ ˆm m m m p m

rJ b T b Tω ω ω β β ω
η

= − − − + +&   (xv);   ˆ ˆ ˆ( )p p m pT k rω ω= −&    (xvi);   ˆˆ ˆp p p p pJ T bω ω= −&    (xvii) 

Where  0 0 1 0 2 0
0 0

ˆ ˆ ˆˆ ˆ ˆ ˆm m m
m m m

m

T T TT T b T
T

ω ω ω β β ω
ω ω

   ∂ ∂ ∂
= + + = − + +   ∂ ∂ ∂   

   (xviii) 

 
Linearized State Equations: (xv)-(xvii) subject to (xiii)  

State vector  [ ˆˆ ˆ
T

m p pTω ω = x ;  Input vector  0 0
ˆ ˆ

T
T ω =  u ; Output vector  ˆˆ

T
p p pT kω =  y  

A = 
( ) ( ) 0

0

0 1

m m m

p p

p p p

b b J r J
rk k

J b J

η − + −
 

− 
 − 

;   B = 
1 2

0 0
0 0

m mJ Jβ β 
 
 
  

;  C = 
0 0 1
0 1 0pk

 
 
 

 ;  D = 0 

 

(f) For frequency control, 0̂ 0T =    

Substitute (xvi) into (xv) to eliminate ˆmω ; Substitute (xvii) into the result to eliminate ˆ
pT

è Input-Output Differential Equation: 

  

3 2 2

3 2

2

2 0

ˆ ˆ ˆ
[ ( )] [ ( ) ( )]

ˆ ˆ( )

p p p p
m p m p p m p m p m

p
p m p p

d d r J d
J J J b J b b k J b b b

dtdt dt
r b

k b b rk

ω ω ω

η

ω β ω
η

+ + + + + + + +

+ + =
      (xix) 

è 3rd order differential equation; system is 3rd order; state-space model is also 3rd order. 



Solution (Cont’d) 
 
Observation From (xix): 
 
When 0ω̂  is changed by “finite” step 0ˆ∆ω  è RHS of (xix) will be finite è  

LHS, and particularly highest derivative (
3

3

ˆ pd
dt
ω

) also must change by a finite value.  

Further Verification: If as a result, 
2

2

ˆ pd
dt
ω  or lower derivatives also change by a finite step 

è 
3

3

ˆ pd
dt
ω

 should change by an infinite value (Note: derivative of a step = impulse)  
è Contradicts the fact that RHS of (xix) is finite   

è  
2

2

ˆ pd
dt
ω

, 
ˆ pd

dt
ω

, and ˆ pω  will not change instantaneously 
 

Only 
3

3

ˆ pd
dt
ω

 will change instantaneously by a finite value due to finite step change of 0ω̂  
 

From (xix):  Resulting change of 
3

3

ˆ pd
dt
ω

 is 
2

0ˆ
p

m p

rk
J J
β

∆ω   

 


